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What is the speed of the supercurrent in superconductors?
J. E. Hirsch
Department of Physics, University of California, San Diego, La Jolla, CA 92093-0319
Within the conventional theory of superconductivity superfluid carriers respond to an applied
magnetic field and acquire a speed according to their effective (band) mass. On the other hand it
can be shown theoretically and is confirmed experimentally that the mechanical momentum of the
supercurrent carriers is given by the product of the supercurrent speed and the bare electron mass.
By combining these two well-established facts we show that the conventional BCS-London theory
of superconductivity applied to Bloch electrons is internally inconsistent. Furthermore, we argue
that BCS-London theory with Bloch electrons does not describe the phase rigidity and macroscopic
quantum behavior exhibited by superconductors. Experimentally the speed of the supercurrent in
superconductors has never been measured and has been argued to be non-measurable, however we
point out that it is in principle measurable by a Compton scattering experiment. We predict that
such experiments will show that superfluid carriers respond to an applied magnetic field according
to their bare mass, in other words, that they respond as free electrons, undressed from the electron-
ion interaction, rather than as Bloch electrons. This is inconsistent with the conventional theory of
superconductivity and consistent with the alternative theory of hole superconductivity. Furthermore
we point out that in principle Compton scattering experiments can also detect the presence of a spin
current in the ground state of superconductors predicted by the theory of hole superconductivity.
PACS numbers:
I. INTRODUCTION
Consider a superconducting cylinder of radius R and
height h in an applied magnetic field H smaller than the
lower critical field Hc1 in direction parallel to its axis (zˆ
direction), as shown in Fig. 1. We assume the current re-
sponse to the magnetic vector potential is local and that
the superconductor is in the clean limit. An azimuthal
current I flows within a London penetration depth λL of
the surface to nullify the magnetic field in the interior,
given by
I =
c
4π
hH (1)
and the current density is given by
J =
c
4πλL
H (2)
as follows from Ampere’s law ~∇× ~H = (4π/c) ~J and the
requirement that ~B = 0 inside the superconductor. The
current density is given by
~J = nse~vs (3)
where ns is the density of superconducting carriers and
vs the superfluid velocity. From Eqs. (2) and (3) the
speed of the superfluid carriers is
vs =
c
4πλLnse
H (4)
The London penetration depth λL can be measured by
standard techniques [1–3]. In this paper we ask the ques-
tion: for given measured values of λL and H , what is the
value of the superfluid velocity vs? It cannot be inferred
from Eq. (4) because ns is not known. λL determines
I 
H 
λ
L 
R 
h 
Le 
vs 
FIG. 1: Superconducting cylinder of radius R and height h in
a magnetic field. The angular momentum of the supercurrent
~Le is parallel to the applied field ~H . Current I flows within a
shell of thickness λL near the surface, in clockwise direction
as seen from the top.
the ratio of superfluid density ns to effective mass m
∗
through the standard relation [4–6]
1
λ2L
=
4πnse
2
m∗c2
. (5)
We assume an isotropic superconductor for simplicity.
Optical [7–9] as well as other experiments [10] can mea-
sure the superfluid weight ns/m
∗, but there are no ex-
periments that measure ns nor m
∗ separately. As a con-
sequence, it is often stated that m∗ for the superfluid
carriers is arbitrary and at our disposal [4, 11], for ex-
2ample in de Gennes’ book it is stated [11] ‘We could just
as well have chosen the mass of the sun’, and in Tin-
kham’s book it is stated [4] ‘In view of the experimental
inaccessibility of m∗ ...’.
In this paper we argue that this is not so. We point out
that even though vs has never been experimentally mea-
sured, it can in principle be measured through Compton
scattering experiments [12, 13]. Theoretically, we argue
that the mass that enters in Eq. (5) is necessarily the
bare electron mass me rather than the effective (band)
mass m∗. We show that from a purely theoretical point
of view Eq. (5) with m∗ 6= me is untenable. Since con-
ventional BCS-London theory predicts that m∗ in Eq.
(5) is the effective mass [14–22], which can be very dif-
ferent from the bare electron mass [23], this implies that
conventional BCS-London theory of superconductivity is
untenable. On the other hand, we point out that the
alternative theory of hole superconductivity [24] predicts
that m∗ = me in Eq. (5).
By measuring vs through Compton scattering experi-
ments [12, 13] one would obtain ns from Eq. (4) and m
∗
from Eq. (5),
m∗ =
eλLH
cvs
, (6)
hence our prediction that m∗ is necessarily me can be
tested experimentally.
II. SUPERFLUID VELOCITY IN THE
CONVENTIONAL THEORY
In this section and in Appendix A we review the con-
ventional arguments from which it follows that the mass
in Eq. (5) is the band effective mass within BCS theory
[14–22]. In subsequent sections we will show that this
conclusion is untenable in view of experimental proper-
ties of superconductors. For simplicity we consider only
zero temperature. This can be extended to finite temper-
atures along the lines of Ref. [14]. We assume for sim-
plicity and definiteness that any corrections to the band
effective mass arising from Fermi liquid effects, electron-
phonon interactions, etc, can be ignored.
We consider a simple one-band model to make our
point clearly. The ground state wave function in BCS
theory is given by
|Ψ >=
∏
k
(u¯k + v¯kc
†
k↑c
†
−k↓)|0 > (7)
where k labels Bloch states (we omit vector labels on
the k’s for simplicity). The mechanical momentum of a
Bloch electron Ψk(~r) with wavevector k is [25]
~pk = me~vk =< Ψk|
~
i
~∇|Ψk >= me
1
~
∂ǫk
∂~k
(8)
whereme is the bare electron mass and ǫk is the band en-
ergy. Note that the electron’s mechanical momentum is
not ~~k, nor is it m∗vk. Following the semiclassical model
of electron dynamics we assume that in the presence of
slowly varying external fields electrons can be described
by wavepackets labeled by wavevector k, centered at ~r
and spread out over many lattice constants but of spatial
extent much smaller that the wavelength of any applied
fields, with velocity vk(~r). The semiclassical equation of
motion in the presence of an external force ~Fext is
d(~~k)
dt
= ~Fext (9)
so that the time evolution of the electron mechanical mo-
mentum is, on one hand
d~pk
dt
= ~Fext + ~Flatt (10)
and on the other hand
d~pk
dt
=
me
~2
∂2ǫk
∂~k∂~k
d(~~k)
dt
=
me
~2
∂2ǫk
∂~k∂~k
(~Fext). (11)
In Eq. (10), ~Flatt is the force exerted by the lattice on
the electron. We assume an isotropic band and define
1
m∗k
=
1
~2
∂2ǫk
∂k2
(12)
Under application of a magnetic field to the cylinder the
Faraday electric field that develops within a London pen-
etration depth of the surface is
~EF = −
λL
c
∂H
∂t
θˆ (13)
in the azimuthal direction, exerting an external force
~Fext = e ~EF on electrons, so that their mechanical mo-
mentum changes according to equation (11) as
d~pk
dt
=
me
m∗k
(e ~EF ) = −
me
m∗k
eλL
c
∂H
∂t
θˆ (14)
and the change in mechanical momentum and velocity of
the electron when the magnetic field increases from 0 to
H is
∆~pk = −
me
m∗k
eλL
c
Hθˆ (15a)
∆~vk = −
1
m∗k
eλL
c
Hθˆ (15b)
respectively. At zero temperature the occupancy of the
Bloch state with wavevector k is
nk = 2|v¯k|
2 = 2(1− |u¯k|
2) (16)
where v¯k, u¯k are the BCS amplitudes in Eq. (7), which
are 1 or 0 except in the neighborhood of the Fermi sur-
face. The current density that develops is then
~J =
e
V
∑
k
nk(~vk+∆~vk) = −
1
V
∑
k
nk
1
m∗k
e2λL
c
Hθˆ (17)
3since the first term gives zero. Using eq. (2) yields for
the penetration depth
1
λ2L
=
4πe2
c2
(
1
V
∑
k
nk
1
m∗k
). (18)
For a band that is close to empty we can assume that
m∗k ∼ m
∗ approximately independent of k for the states
for which nk 6= 0, and Eq. (18) is
1
λ2L
=
4πnse
2
m∗c2
(19)
since
1
V
∑
k
nk
1
m∗k
=
ns
m∗
(20a)
with
ns =
1
V
∑
k
nk (20b)
the number of superfluid carriers per unit volume. The
velocity shift Eq. (15b) is independent of k and given by
∆~vk ≡ ~vs = −
eλL
m∗c
Hθˆ. (21a)
vs is the speed of the supercurrent carriers, and the su-
percurrent Eq. (17) is
~J = ens~vs. (21b)
Similarly for a band that is close to full we use that
∑
all k
1
m∗k
= 0 (22)
and defining m∗ = −m∗k, assumed independent of k for
the states for which (2− nk) 6= 0 we have
1
V
∑
k
nk
1
m∗k
=
1
V
∑
k
(2 − nk)
1
(−m∗k)
=
ns
m∗
(23a)
with the superfluid density now given by
ns =
1
V
∑
k
(2 − nk) (23b)
so that the same expression Eq. (19) for the London
penetration depth results. The velocity of the supercur-
rent carriers is still given by Eq. (21a), and the same
expression for the supercurrent ~J = ens~vs results. These
results can also be derived by using the standard linear
response theory formalism as discussed in Appendix A.
The fact that we end up with the band effective mass
m∗ in the expressions for the London penetration depth
Eq. (19) and superfluid velocity Eq. (21a) can be traced
back to the form of the BCS wavefunction Eq. (7). In
particular to the fact that within BCS theory the states k
are the same as in the normal metal, only a slight change
in occupation of those states occurs within a region ∆
of the Fermi energy, with ∆ the energy gap. The same
results Eqs. (19) and (21a) would of course apply to a
perfect conductor rather than a superconductor. This
implies that if me rather than m
∗ has to appear in Eqs.
(19) and (21a) some rather profound modification of the
BCS wavefunction would be needed.
III. MECHANICAL MOMENTUM OF THE
SUPERCURRENT
The mechanical momentum of a Bloch electron is given
by Eq. (8), so when the supercurrent is generated the
change in the momentum of one electron is
∆~pk = me~vs = −
me
m∗
eλL
c
H ≡ ~pmech (24)
where we used Eq. (21a) for the superfluid velocity. The
mechanical momentum density per unit volume (which
is zero in the absence of current) is
Pmech =
1
V
∑
k
nk∆pk = ns∆pk = nsmevs (25a)
=
me
e
J = −mens
eλL
m∗c
H = −
mec
4πλLe
H
or alternatively
Pmech =
1
V
∑
k
nk∆pk =
me
e
J = (25b)
= −
meeλL
c
H
1
V
∑
k
nk
m∗k
= −
mec
4πλLe
H
where we have used Eqs. (19) or (18) in the last equality.
Note that Eqs. (24) and (25a) apply to the particular
cases where the band is close to empty or close to full,
while Eq. (25b) is valid for any band filling The same
results are obtained using the linear response formalism
in Appendix A. Note that the mechanical momentum
density is independent of the effective mass. The total
angular momentum of the supercurrent for the cylinder
of radius R and height h is the volume of the shell of
thickness λL where the supercurrent flows times the mo-
mentum density times the radius R, under the assump-
tion that R >> λL:
Le = (2πRλLh)PmechR = −
mec
2e
hR2H. (26)
The total mechanical angular momentum Le is indepen-
dent of λL, m
∗ and ns. Hence from measurement of Le
we cannot determine whether it is m∗ or me that enters
the equations, since m∗ does not enter in Eq. (26). Le is
measured experimentally in the gyromagnetic effect [26–
29] and its value is found to be precisely as given by Eq.
4(26), which unfortunately says nothing new. It confirms
however that the mechanical momentum of the electrons
carrying the supercurrent is given by mevs and not by
m∗vs.
IV. CANONICAL MOMENTUM OF THE
SUPERCURRENT
For the superconducting cylinder under consideration
the relation between magnetic field and magnetic vector
potential is simply
A = λLH (27)
as follows from the relation ~∇ × ~A = ~H. ~A points in
the azimuthal direction. Eq. (27) assumes the Coulomb
gauge ~∇· ~A = 0, or equivalently that A is constant along
the circumference of the cylinder. In terms of ~A, the
mechanical momentum of a carrier of the supercurrent
is, from Eq. (24)
~pmech = me~vs = −
me
m∗
e
c
~A. (28)
Now the canonical momentum ~p that enters the
Schro¨dinger equation for a particle of mass m and charge
q moving with velocity ~vs in the presence of a vector
potential ~A is
~p = m~vs +
q
c
~A (29)
wherem~vs is the mechanical (or ‘kinematic’) momentum,
that equals the canonical momentum when ~A = 0. For a
superconductor it is assumed that Eq. (29) applies with
q = 2e and mass m = 2m∗, with m∗ the effective mass
[4, 5, 30, 31]:
~p = 2m∗~vs +
2e
c
~A = ~~∇ϕ. (30)
In Eq. (30), ϕ is the phase of the macroscopic wavefunc-
tion ΨS(~r) describing the superfluid [32], given by
ΨS(~r) = (ns/2)
1/2eiϕ(~r). (31)
The right-hand side of Eq. (30) results from applying the
momentum operator ~p = (~/i)~∇ to ΨS(~r) assuming the
superfluid density ns is uniform in space.
We next discuss the consequences of the phase equation
Eq. (30) for (i) flux quantization, (ii) Meissner effect, and
(iii) mechanical momentum:
(i) Flux quantization: in a superconducting ring, inte-
gration of Eq. (30) along a closed path in the interior of
a ring where there is no current (vs = 0) leads to [5]
∮
~~∇ϕ · ~dl = nh =
2e
c
∮
~A · ~dl =
2e
c
φ (32)
with n an integer and φ the magnetic flux, hence φ = nφ0
with φ0 = hc/(2e) the flux quantum. This is verified
experimentally [33, 34].
(ii) Setting the canonical momentum p = 0, as appro-
priate for the Meissner effect, yields for Eq. (30)
vs = −
e
m∗c
A = −
eλL
m∗c
H (33)
using Eq. (27), in agreement with Eq. (21a) for the speed
of the Meissner current.
(iii) Setting A = 0 in Eq. (30) should give the mechan-
ical momentum of a pair for the canonical momentum,
hence twice the mechanical momentum for one of the
components of the pair:
p = 2m∗vs = 2pmech (34)
hence
pmech = m
∗vs = −
e
c
A = −
eλL
c
H (35)
where we have used Eq. (21a) for the supercurrent ve-
locity, or equivalently set ~∇ϕ = 0 in Eq. (30). However,
Eq. (35) is wrong since it contradicts Eq. (24), and as
a consequence it contradicts the results of the gyromag-
netic experiments [26–28] which were shown in Sect. II
to be consistent with Eq. (24), hence inconsistent with
Eq. (35).
To reiterate this crucial point: to the extent that the
BCS superfluid can be described by a macroscopic wave-
function ΨS(~r) with an amplitude and a phase as given
by Eq. (31), as evidenced by multiple experiments [32],
the mechanical momentum density of the supercurrent
when ~A = 0 has to be given by, according to Eqs. (30),
(31) and (33)
Pmech =< Ψ|
~
i
~∇|Ψ >=
ns
2
~~∇ϕ = nsm
∗~vs = −
nseλL
c
H.
(36a)
Eq. (36a) would yield for the total mechanical angular
momentum instead of Eq. (26), using Eq. (19) for the
penetration depth
Le = (2πRλLh)PmechR = −
m∗c
2e
hR2H (36b)
which disagrees with experiment [26–28] that establishes
that the mechanical angular momentum is given by Eq.
(26), i.e. Eq. (36b) but with me rather than m
∗, to an
accuracy better than 1% [28] (see footnote [35]).
There is no way to ‘fix’ Eq. (30) to make it consistent
with Eq. (24). If we write instead of Eq. (30)
~p = 2me~vs +
2e
c
~A = ~~∇ϕ (37)
we will satisfy (i) (flux quantization) and (iii) (mechanical
momentum) but obtain for (ii), i.e. setting A=0
vs = −
e
mec
A = −
eλL
mec
H (38)
5in contradiction with Eq. (21a). Finally, if we write
instead of Eq. (30)
m∗
me
~p = 2m∗~vs +
2e
c
~A =
m∗
me
~~∇ϕ (39)
we will satisfy (ii) and (iii) but fail to satisfy (i), i.e. the
flux quantum would depend on the ratio of bare mass to
effective mass, in contradiction with experiment. Or in
other words, Eq. (39) violates gauge invariance.
These considerations show that the conventional BCS
theory of superconductivity applied to Bloch electrons
leads to inconsistent results, in contradiction with what
is generally believed [14–22]. It is impossible to com-
patibilize the superfluid velocity Eq. (21a) depending
on the effective (band) mass with the requirements im-
posed by flux quantization and gauge invariance and the
vast experimental evidence in favor of a macroscopic su-
perconducting wavefunction ΨS(~r) [32] that has ‘phase
rigidity’, so that ~∇ϕ = 0 in a simply connected sample
in the presence of ~A, which leads to the Meissner effect.
In Appendix B we present these arguments in a concise
alternative form leading to the same conclusion.
We propose that to resolve this inconsistency it is nec-
essary to assume that the expression Eq. (21a) for the
superfluid velocity is incorrect, and that the correct ex-
pression is
vs = −
eλL
mec
H = −
e
mec
A. (40)
which is consistent with Eq. (37) rather than Eq. (30)
for the relation between canonical momentum and super-
fluid velocity. It should also be pointed out that Eq. (37)
is consistent with experiments by Zimmermann and Mer-
cereau [36] and Parker and Simmonds [37] that measured
the Compton wavelength of electrons in Josephson junc-
tions, and D. Scalapino presents theoretical arguments
for the validity of Eq. (37) in ref. [38]. An experiment
by Jaklevic et al [39] detecting phase modulation by the
superfluid velocity does not yield information to decide
between Eqs. (30) and (37) without additional assump-
tions.
This then raises the questions: what was wrong in the
straightforward derivation leading to Eq. (21a), or in the
alternative equivalent derivation in Appendix A? How
is Eq. (40) consistent with conventional BCS-London
theory and Bloch’s theory of electrons in metals? We
return to these questions in later sections.
V. THE LONDON MOMENT
The importance of the canonical momentum of super-
conducting electrons was already realized by F. London
[5], before BCS and before the development of Ginzburg-
Landau theory. London introduced the ‘local mean value
of the momentum vector of the superelectrons’ ~ps:
~ps = me~vs +
e
c
~A = ~∇χ (41)
with χ the ‘superpotential’, which we now would call
~ϕ/2. London deduced that the right-hand-side of Eq.
(41) is the gradient of a scalar function from the Meiss-
ner effect, then proceeded to predict flux quantization
from this equation [5]. In addition, he argued that for a
superconductor rotating with angular velocity ~ω one has
~vs(~r) = ~w × ~r (42)
and a uniform magnetic field ~B gives rise to a magnetic
vector potential
~A =
~B × ~r
2
. (43)
Substitution of Eqs. (42) and (43) in Eq. (41) yields (for
χ = 0 as appropriate for a simply-connected body [5])
(me~ω +
e
2c
~B)× ~r = 0 (44)
which predicts a uniform magnetic field in the interior of
a superconductor rotating with angular velocity ~ω
~B = −
2mec
e
~ω (45)
as experimentally measured [40]. The fact that the exper-
imentally measured magnetic field is given by Eq. (45)
with the bare electron mass me confirms that the mass
in Eq. (41) has to be me rather than the effective mass
m∗ as in Eq. (30). Thus, the observed magnetic field of
rotating superconductors provides further experimental
evidence for the incorrectness of the BCS phase equation
Eq. (30) that has m∗ in place of me.
VI. THE MACROSCOPIC SUPERFLUID
WAVEFUNCTION AND PHASE RIGIDITY
A large number of experiments with superconduc-
tors, particularly involving Josephson junctions and weak
links, can be understood and described by the assump-
tion that there exists a macroscopic single-particle-like
wavefunction
ΨS(~r) = (
ns
2
)1/2eiϕ(~r) (46)
that describes the Cooper pair condensate [32]. It is gen-
erally assumed that Eq. (46) follows from BCS theory,
where the phase ϕ for a spatially uniform situation is
given by
v¯k
u¯k
= |
v¯k
u¯k
|eiϕ (47)
with v¯k, u¯k the amplitudes in the BCS wavefunction Eq.
(7). However this has never been shown theoretically in
a rigorous way [41].
6Assuming the phase equation Eq. (30) is valid as re-
quired for the Meissner effect implies that
< ΨS(~r)|
~
i
~∇|ΨS(~r) >= ns~~∇ϕ = m
∗ns~vs + ns
e
c
~A.
(48)
In a simply connected superconductor the phase ϕ is as-
sumed to be uniform and not affected by the application
of a vector potential ~A. This is termed the ‘phase rigid-
ity’ of the wavefunction. Hence the left-hand side of Eq.
(48), the expectation value of the canonical momentum
of the superfluid, vanishes and this implies the Meissner
effect. More generally, Eq. (48) implies that superfluid
flow is irrotational [4–6].
Now in the many-body framework of BCS theory, the
canonical momentum operator (~/i)~∇ in Eq. (48) cor-
responds to what we call the ‘paramagnetic’ momentum
density operator in Appendix A, given by
~P1 =
∑
i
~
i
~∇i (49)
in first quantized form. We show in Appendix A that
the expectation value of this operator (in second quan-
tized form) with the many-body BCS wavefunction in
the presence of a vector potential ~A is
< Ψ|~P1|Ψ >=
e
c
1
V
∑
k
nk(1 −
me
m∗k
) ~A (50)
which is not zero in a simply connected superconductor
subject to a magnetic field. Comparing Eq. (50) with
Eq. (48) we have to conclude that Eq. (48) is invalid. In
other words, the generally held belief that BCS theory
is consistent with ‘London rigidity’ so that the left-hand
side of Eq. (48) does not change under application of a
weak slowly varying magnetic field is invalid. The curl of
the canonical momentum density Eq. (50) is non-zero,
and therefore it cannot be said that within BCS theory
the superfluid flow is irrotational, as generally assumed
[4, 6].
From Appendix A Eq. (A22) we deduce that within
BCS theory
< Ψ|~P1|Ψ >=
me
e
~J− < Ψ|~P2|Ψ > (51)
or equivalently using Eq. (A23)
e
c
1
V
∑
k
nk(1−
me
m∗k
) ~A =
me
e
~J +
e
c
1
V
∑
k
nk ~A (52)
Eq. (52) yields the correct current ~J in a simply con-
nected geometry, where both ~J and ~A go to zero in the
interior of the material. However, applied to a ring of
thickness larger than the London penetration depth, it
also predicts that ~A = 0 where ~J = 0, which is incorrect.
We conclude that BCS theory does not predict flux quan-
tization, and London would not have been able to infer
the existence of a ‘superpotential’ [5, 30] and predict flux
quantization from Eq. (41) had he known about the BCS
wavefunction.
Note also we can rewrite Eq. (30) using ~J = nse~vs as
< ΨS(~r)|
~
i
~∇|ΨS(~r) >=
m∗
e
~J + ns
e
c
~A. (53)
The ‘many body’ version of Eq. (53) would be within
BCS theory
< Ψ|~P1|Ψ >=
m∗
e
~J +
e
c
1
V
∑
k
nk ~A (54)
which yields using Eq. (50)
~J = −
e2
c
me
m∗
1
V
∑
k
nk(
1
m∗k
) ~A (55)
which disagrees with the result predicted by BCS theory
Eq. (A20). Therefore, the phase equation Eq. (30) is
inconsistent with BCS theory.
If instead of the BCS phase equation Eq. (30) we as-
sume that Eq. (37) is valid following [36–40], it implies
that
< ΨS(~r)|
~
i
~∇|ΨS(~r) >= ns~~∇ϕ = mens~vs + ns
e
c
~A.
(56)
and comparing Eq. (50) with Eq. (56) we have to con-
clude that Eq. (56) is invalid.
In summary, in this section we have shown in detail
that the BCS formalism applied to Bloch electrons is in-
compatible with the existence of a macroscopic single-
particle-like superfluid wavefunction ΨS(~r) with a well-
defined macroscopic phase ϕ(~r) that obeys either Eq.
(30) or Eq. (37).
VII. KINETIC ENERGY OF THE
SUPERCURRENT
Consideration of the kinetic energy of carriers of the su-
percurrent furnishes another independent argument for
the incorrectness of Eq. (21a) for the superfluid velocity.
The kinetic energy density of the supercurrent is given
by
K =
H2
8π
(57)
This follows from general arguments [4], and furthermore
it is a necessary condition for the existence of equi-
librium between a normal and a superconducting phase
when H is the critical field [42]. Hence the kinetic energy
per carrier is
ǫkin =
1
ns
H2
8π
(58)
7Replacing H in terms of vs from Eq. (21a) yields
ǫkin =
1
8πns
(
m∗c
eλL
)2v2s (59)
and using Eq. (19) for λL yields
ǫkin =
1
2
m∗v2s . (60)
Eq. (60) is generally assumed to be the correct expression
for the kinetic energy of the supercurrent carriers [4].
However, the change in the kinetic energy of a Bloch
electron when an external field is applied is given by
∆ǫkin = < Ψk+∆k| −
~
2
2me
∇2|Ψk+∆k > (61)
− < Ψk| −
~
2
2me
∇2|Ψk >
with ∆k = eλL/(~c)H . Eq. (61) is not equal to Eq.
(60). In particular there is absolutely no physical basis
for having m∗ as prefactor in Eq. (60). m∗ describes the
response of Bloch electrons to external fields but is in no
way associated with the kinetic energy acquired by the
electron.
To calculate the extra kinetic energy of a carrier in
the supercurrent, consider the work done on a superfluid
electron labeled by wavevector k under the influence of a
force ~F :
dWk = ~F · d~xk. (62)
where d~xk is the displacement of this wavepacket. When
a magnetic field is applied, the force is the sum of the
external force originating in the Faraday electric field and
the force exerted by the lattice on the electron, ~Flatt
dWk = (e ~EF + ~Flatt) · d~xk (63)
From the semicassical equation of motion we have
me
d~vk
dt
= e ~EF + ~Flatt (64)
hence
dWk = me
d~vk
dt
· d~xk = me~vk · d~vk =
1
2
med(v
2
k) (65)
where we have used that for this electron
d~xk
dt
= ~vk. (66)
In addition we have assumed that no work is spent in
changing the potential energy of the carrier. Therefore
we deduce from Eq. (65)
dWk = d(
1
2
mev
2
k) (67)
The velocity change is given by ~vk → ~vk + ~vs, hence the
change in the right-hand-side of Eq. (67) when work Wk
is done on the carrier is
Wk =
1
2
me(~vk+~vs)
2−
1
2
mev
2
k = me~vk ·~vs+
1
2
mev
2
s (68)
The total work per unit volume is obtained by summing
Eq. (68) over all states multiplied by the occupation of
each state
W ≡
1
V
∑
k
nkWk = ns
1
2
mev
2
s (69)
since the sum over the first term in Eq. (68) gives zero.
Eq. (69) implies, by energy conservation, that the cor-
rect expression for the kinetic energy of a carrier in the
supercurrent is
ǫkin =
1
2
mev
2
s (70)
rather than Eq. (60). Eq. (70) is consistent with the
correct formula for the mechanical momentum Eq. (24).
Now if we compute the kinetic energy density of the
supercurrent using Eq. (70) for the kinetic energy of a
carrier, Eq. (21a) for the superfluid velocity, Eq. (19) for
the London penetration depth, and K = nsǫkin, we find
K =
me
m∗
H2
8π
(71)
which disagrees with Eq. (57) and is incorrect. This
shows once again that expressions (21a) for the super-
fluid velocity and Eq. (19) for the London penetration
depth in terms of the effective mass rather than the bare
electron mass are untenable.
VIII. EXPERIMENTAL DETERMINATION OF
THE SUPERFLUID VELOCITY
Compton scattering experiments [12, 13] offer a
straightforward way, at least in principle, to measure the
superfluid speed
vs = −
eλL
mec
H (72)
in a superconductor, as shown in Fig. 2. This is simply
because in Compton scattering within the impulse ap-
proximation an individual photon is scattered by an in-
dividual electron, so the superfluid density does not play
a role in determining the final state of the photon. For an
X-ray incident parallel to the direction of the superfluid
velocity, the difference between scattered and incident
wavelengths of the photon for photon scattering angle θ
is simply
λ′ − λ = λc(1±
vs
c
(1 +
λ
λc
))(1 − cosθ) (73)
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FIG. 2: Compton scattering experiment on a superconduct-
ing cylinder in a magnetic field. The wavelength of the scat-
tered X-ray for given scattering angle θ will be shifted pro-
portionally to the superfluid velocity.
where the +/− corresponds to the superelectron moving
in the same / opposite direction to the incident photon.
λc = h/mec is the Compton wavelength. A typical value
for the superfluid speed Eq. (72) for λL = 400A and
H = 500G is vs = 35, 225cm/s. If we take for the applied
magnetic field
H =
~c
4eλ2L
(74)
which is approximately the lower critical field Hc1 [43],
the superfluid speed is
vs =
~
4meλL
(75)
and Eq. (73) takes the simple form
λ′ − λ = λc(1±
λ+ λc
8πλL
)(1 − cosθ). (76a)
If instead of Eq. (72) we assume the superfluid speed is
given by the BCS formula Eq. (21a) we obtain instead
λ′ − λ = λc(1±
me
m∗
λ+ λc
8πλL
)(1 − cosθ). (76b)
In the absence of supercurrent, the Compton scattering
profile will be Doppler broadened by the velocity of the
Bloch electrons. In the presence of the supercurrent the
velocity of any given electron in the supercurrent will be
~v′k = ~vk + ~vs (77)
with ~vk its velocity in the absence of supercurrent. Thus,
the Compton profile for an incident monochromatic beam
will be shifted by the amount given by Eq. (72). Even
though the shift is much smaller than the Doppler broad-
ening, because it is the same for all scattering angles θ it
will hopefully be detectable with currently available res-
olution by accumulating measurements for many angles.
Thus a quantitative measurement of this Compton shift
together with an independent measurement of λL should
be able to prove (or disprove) experimentally that it is
the bare electron mass that enters Eq. (72) for the su-
perfluid speed rather than the effective mass.
In addition, Compton scattering can check the predic-
tion of the theory of hole superconductivity [24] that a
spin current exists in the ground state of superconduc-
tors that flows within a London penetration depth of the
surface in the absence of applied fields [44]. In the geom-
etry of Fig. 2, the supercarrier of spin ~σ is predicted to
have azimuthal velocity
~vσ = −
~
4meλL
~σ × nˆ−
eλL
mec
nˆ× ~H (78)
where nˆ is the outward pointing normal to the lateral
surface of the cylinder. The carriers moving clockwise,
with spin ~σ// ~H, are brought to a stop when the magnetic
field reaches the value Eq. (74). For H = 0, carriers
of opposite spin flow in opposite direction with speed
given by Eq. (75). Through spin-dependent Compton
scattering with circularly polarized photons [45] it will
hopefully be possible to verify or disprove this prediction.
IX. DISCUSSION
In this paper we have pointed out that the speed of
the supercurrent carriers in superconductors vs, or equiv-
alently the effective mass of carriers of the supercurrent
m∗, or equivalently the density of superfluid carriers ns,
can be measured experimentally. This is contrary to the
generally accepted view that only the combination ns/m
∗
can be directly measured, and the related generally ac-
cepted view that the superfluid velocity ~vs is not a phys-
ical observable, only the current density ~J given by Eq.
(21b) is. Measurement of the superfluid velocity should
be able to confirm the theoretical claim discussed in this
paper. However, even if the experimental accuracy re-
quired will not be attainable in the foreseeable future, it
is useful to think of it as a ‘gedankenexperiment’ that
can in principle determine what the value of the super-
fluid speed vs is. The fact that vs is a physical observable
allows us to make the theoretical claim that BCS theory
applied to Bloch electrons is internally inconsistent. In
the following we summarize our arguments. In essence,
we claim that BCS theory cannot describe supercurrent
flow of carriers that have an effective mass m∗ in the nor-
mal state that is different from the bare electron massme,
and at the same time be consistent with a wide range of
experimental properties of superconductors.
Before we start we should address the predictable ob-
jection of critical readers that we have ignored a large
number of factors that will modify the effective mass
besides the electron-ion interaction, as well as other ef-
fects not considered here: Fermi liquid effects, non-
Fermi-liquid effects, electron-phonon interactions, renor-
malizations, multiband effects, long-range Coulomb in-
9teractions, spin-orbit interactions, magnetic interactions,
Kondo physics, disorder, topological effects, relativistic
effects, etc. In a real material all these effects may play
a role. Nevertheless, we argue that it is a valid and use-
ful theoretical approach to establish the inconsistency of
BCS theory and band theory of solids assuming all these
other effects can be ignored. While it is not impossible
that including some or all of these other effects could re-
store the consistency of BCS theory we don’t see a shred
of a hint for why this would be the case. In any event it
is a matter for the future to decide.
In this paper we assume electrons interact with ions
as described by the standard Bloch theory of electronic
energy bands in solids, disorder can be ignored, and
electrons behave as independent particles except for a
weak attractive interaction that leads to the BCS su-
perconducting state below a critical temperature. We
furthermore assume only one band is partially filled and
hence conducts electricity, all other bands are either full
or empty. For simplicity we have assumed in Appendix
A that the partially filled band is the lowest band, but
this restriction can be removed without altering our ar-
guments and conclusions. We assume the system is at
zero temperature.
Consider the following five points that we argue are
well established:
(1) Using semiclassical transport theory (Sect. II) or
equivalently the standard Kubo linear response formal-
ism (Appendix A) it follows that within BCS theory or
London theory the speed of electrons in the supercur-
rent is given by Eq. (21a), involving the band mass m∗
rather than the bare electron massme, for the cases when
a band is nearly empty or the band is nearly full. In the
first case, the density ns of carriers carrying the super-
current at zero temperature is the total electron density,
in the second case it is the total hole density.
(2) The mechanical momentum of the carriers carrying
the supercurrent is the product of the bare electron mass
me and the superfluid velocity:
~pmech = me~vs. (79)
This follows theoretically from the semiclassical treat-
ment or equivalently from linear response theory, and
is quantitatively verified by gyromagnetic effect experi-
ments.
(3) The kinetic energy density of the supercurrent is
given by
K =
H2
8π
. (80)
This follows from general properties of the superconduct-
ing state.
(4) Superconductors exhibit many properties that es-
tablish that the superfluid is described by a single-
particle-like macroscopic wavefunction Ψ(~r) that has a
well-defined macroscopic phase ϕ(~r). The gradient of
the phase is related to the superfluid velocity and the
magnetic vector potential.
(5) For a rotating superconductor, the superfluid speed
is given by Eq. (38) (the first equality) involving the
bare electron mass, both in the interior region where the
superfluid moves together with the body and near the
surface where the superfluid lags the motion of the body
[46].
We believe that the points (1)-(5) above are generally
accepted, well established, experimentally proven, and
true. Our claim is that BCS theory can be made to be
consistent with some of those points, but not with all.
To start, we need to decide what is the equation relat-
ing the gradient of the phase, the superfluid velocity and
the magnetic vector potential. We argue that Eq. (30)
with the effective massm∗ or Eq. (37) with the bare mass
me are the only reasonable choices. Then we argue that
with either choice BCS theory is internally inconsistent.
We discuss both choices in turn.
If Eq. (37) for the phase is valid, it leads to Eq. (38),
the speed of the supercurrent, depending on me rather
than m∗. This is consistent with experiments where
the entire body moves and the speed vs describes both
the speed of the superfluid and the speed of the body
[36, 37, 40], however it is inconsistent when the body is
at rest and a supercurrent flows. It can only be made
compatible with BCS assuming the density of supercur-
rent carriers is neither given by the density of electrons
for a nearly empty band, nor by the density of holes for a
nearly full band, as shown in Appendix B. This assump-
tion would lead to the conclusion that a superconductor
and a perfect conductor respond differently to an applied
magnetic field. This is inconsistent with our general un-
derstanding of superconductivity. It would also be in-
consistent with BCS theory at finite temperatures, and
would require that not all the Cooper pairs contribute to
the supercurrent, in contradiction with BCS theory.
If instead Eq. (30) for the phase is valid, it is consistent
with the Meissner effect when the phase is constant, with
the superfluid velocity given by the BCS expression Eq.
(21a) involving the effective mass. However, Eq. (30)
requires that the mechanical momentum of electrons in
the supercurrent is
~pmech = m
∗~vs (81)
and this is inconsistent with Eq. (79) for the mechanical
momentum of supercurrent carriers, which follows from
BCS theory and agrees with experiment.
Eq. (30) for the phase is also incompatible with ex-
periments where the entire body moves [36, 37, 40]. One
could try to argue that Eq. (37) should be used when the
superfluid moves together with the body, and Eq. (30)
should be used when the superfluid moves and the body is
at rest [47]. However, it is not clear then what should be
used when both the body is moving and the superfluid is
moving relative to the body as in the Parker-Simmonds
experiment [37]. Even for the rotating superconductor
where the superfluid rotates together with the body in
the interior, in the region within a London penetration
depth of the surface there is relative motion of the super-
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current and the body to generate the interior magnetic
field ~Bi = −(2mec/e)~ω [46]. Consider what happens if we
apply an external magnetic field ~H = ~Bi to the rotating
superconductor. Electrons will respond to the Faraday
electric field by changing their speed according to Eq.
(21a) with m∗. However if the governing phase equation
for the rotating superconductor is Eq. (37), the drift ve-
locity before ~H was applied was Eq. (38) with me. This
would imply that the drift current does not stop, which
is unphysical. Physically we expect that the surface drift
current will stop resulting in a uniform magnetic field ~Bi
both inside and outside the superconductor.
In addition, we have shown in Sect. VI that BCS the-
ory in the standard many-body treatment of Appendix
A is incompatible with the phase rigidity that is implied
by either the phase equations Eq. (30) or Eq. (37). As
a consequence, BCS theory does not describe the irro-
tational superfluid flow required by the phase equations
that is characteristic of superfluids, and it cannot pre-
dict the flux quantization for a multiply connected sam-
ple that is predicted by the phase equations and observed
experimentally. The BCS wavefunction is not rigid, con-
trary to what the phase equations imply, rather it is
modified by a long wavelength magnetic field because the
perturbation induces transitions between electrons in the
band responsible for superconductivity and other bands,
as shown in Appendix A.
Finally and independently, we have argued that BCS
theory is incompatible with the known expression for the
kinetic energy density of the supercurrent Eq. (80). This
expression requires that the kinetic energy of a superfluid
carrier is
ǫkin =
1
2
m∗v2s . (82)
However this is not the kinetic energy of electrons within
Bloch theory of solids under any circumstances. Using
me as prefactor in Eq. (82) is the correct expression for
the kinetic energy of Bloch electrons under the assump-
tion that the potential energy of carriers is independent
of vs, however this would lead to the kinetic energy den-
sity being given by Eq. (71) which is different from Eq.
(80) and hence incorrect.
In summary, we have given several different indepen-
dent arguments that establish that BCS theory to de-
scribe superconductivity in nature and Bloch theory of
solids are mutually incompatible. The conclusion is that
BCS theory in its current form is only consistent if we as-
sume it applies to a free electron system, i.e. if m∗ = me.
When F. London first introduced Eq. (30) [30], written
in the form
~ps = (
m∗
nse
) ~J +
e
c
~A (83)
he called the left-hand-side the ‘mean momentum field
of the superelectrons’ and pointed out that ~∇ × ~ps = 0
describes the Meissner effect [30]. He assumed that ~ps
was the same canonical momentum that appears in the
Schro¨dinger equation, ~p = (~/i)~∇, and pointed out that
in the normal state it adopts the ‘local value’ (e/c) ~A in
the presence of a magnetic vector potential to minimize
the kinetic energy (~p− (e/c) ~A)2/(2me), while in a super-
conductor it is prevented from doing so because of ‘rigid-
ity’ of the wavefunction. However, he failed to notice
(or to point out) that the first term on the right-hand-
side of Eq. (83) is not the mechanical momentum of the
superelectrons if it involves m∗ rather than me, which
converts Eq. (83) into a completely ad-hoc Ansatz with
no relation to the Schro¨dinger equation that ultimately
governs the behavior of the microscopic components of a
superconductor. This may perhaps be termed the ‘orig-
inal sin’ from which the contradictions discussed in this
paper originated.
The findings discussed in this paper imply that the
conventional BCS-London theory of superconductivity
applied to electrons in energy bands of solids, as done
in Refs. [4–6, 14–22, 30, 31] and innumerable others, is
internally inconsistent as well as inconsistent with well-
established experimental properties of superconductors.
This conclusion has wide-ranging implications: there are
many simple metals believed to be BCS superconductors
described by BCS theory [48], and there are many normal
state properties of metals that are rather well explained
by Bloch’s band theory of solids [25]. Faced with these
facts, what is the way out of this conundrum?
The problem, we propose, lies in the key BCS assump-
tion that the states that define the BCS wavefunction
Eq. (7) are the same Bloch states as in the normal state.
This is properly recognized to be an assumption in Ref.
[14]. The BCS amplitudes u¯k and v¯k in Eq. (7) [4] differ
from their values in the normal state only for values of ǫk
within a region of width ∆ of the Fermi energy, where ∆
is the BCS energy gap. For ‘conventional’ superconduc-
tors this is certainly a tiny fraction of all the conduction
electrons (or holes) in the band. Within BCS all the dra-
matic changes in the properties of a metal that undergoes
a transition to the superconducting state result from a
redistribution of the occupation of these Bloch states in
the superconducting state, and all the other conduction
electrons in the system, which is the vast majority, are
unaffected. This is a rather remarkable statement, that
condensed matter physicists have adhered to for the last
60 years. What if it is not true?
The considerations in this paper suggest that the only
consistent way to interpret experiments in superconduc-
tors is to assume that electrons in the superconduct-
ing state of metals respond to applied external fields
as perfectly free electrons. In other words, that carri-
ers condensing into the superfluid state and contributing
to the supercurrent become completely ‘undressed’ from
electron-ion, electron-electron and electron-phonon inter-
actions, that in the normal state dress the electron and
make it respond with an effective massm∗ rather than its
bare mass me. This assumption consistently explains the
experimental observations discussed in this paper, and it
says that Eq. (37) for the phase is valid and Eq. (30) is
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invalid. It also explains why the work done by the ex-
ternal field changes only the kinetic energy and not the
potential energy of superfluid carriers as assumed in Sect.
VII.
We have assumed an isotropic band structure in this
paper for simplicity. Of course many real solids are
anisotropic. In the conventional treatment it is assumed
that the effective mass is a tensor [31]. Here we propose
instead that the mass is a scalar, the free electron mass,
and anisotropies are described by a carrier density ten-
sor, i.e. that the relation between current density and
magnetic vector potential is
~J = −
e2
mec
←→ns · ~A (84a)
and the London kernel is
←→
KL =
4πe2
mec2
←→ns (84b)
so that along a principal axis the current is given by
Ji = −
e
mec
niis Ai = n
ii
s e(~vs)i (85)
with the superfluid velocity given by
~vs = −
e
mec
~A, (86)
and the superfluid mechanical momentum for one carrier
in a simply connected superconductor is given by
~pmech = me~vs = −
e
c
~A. (87)
It follows from the discussion in this paper that whether
to ascribe observed anisotropies in the London penetra-
tion depth to an effective mass tensor or to a carrier den-
sity tensor is not semantics, as generally assumed. The
latter is the only possible choice, and it is experimentally
verifiable through Compton scattering experiments.
Assuming readers agree that the points made in this
paper are correct, and even before experimental confir-
mation by Compton scattering experiments, we suggest
that the focus of theoretical research in superconductiv-
ity should switch to understanding how normal carriers
in solids, governed by complicated band structures and
‘dressed’ by electron-ion, electron-electron and electron-
phonon interactions, become completely ‘undressed’ from
these interactions so that they respond as free electrons
in the superconducting state. This was in fact the gen-
erally held view in the early days of superconductivity
[49].
Within the alternative theory of hole superconductiv-
ity [24], carriers in a nearly filled band are highly dressed
in the normal state [50, 51], and when going supercon-
ducting they expand their wavelength [52] so that they no
longer ‘see’ the lattice periodic potential, hence ‘undress’
from the electron-ion interaction [53] and respond as free
electrons. We suggest that an answer to the questions
posed in this paper may be found along those lines.
Appendix A: Calculation of the London kernel
In this appendix we calculate the supercurrent and the
mechanical momentum density using the standard linear
response formalism and show that they agree with the
results obtained in Sect. II and III.
In first quantized form, the electric current density is
given by ~J = (e/V )
∑
i ~vi, with V the volume and the
velocity of the i-th particle given by
~vi =
1
me
(~pi −
e
c
~A(~ri)) (A1)
with ~pi the canonical momentum operator for the i-th
particle (~pi = (~/i)~∇i), so the current density is
~J =
e
meV
∑
i
~pi −
e2
mecV
∑
i
~A(~ri) ≡ ~J1 + ~J2 (A2)
with ~J1 and ~J2 the so-called paramagnetic and diamag-
netic currents. We assume the vector potential ~A is in
the Coulomb gauge, ~∇ · ~A = 0. Next we rewrite ~J1 and
~J2 in second quantized form using as single particle basis
the Bloch eigenfunctions of the single electron problem
in the lattice ionic potential:
Ψnk(~r) ≡< ~r|nk > (A3)
with n labeling the n-th band and k crystal momentum
(we omit vector notation on k for simplicity) to obtain
~J1 =
e
meV
∑
n,n′,k,σ
c†nkσcn′kσ < nk|~p|n
′k > (A4a)
~J2 = −
e2
mec
1
V
(
∑
nkσ
c†nkσcnkσ)
~A (A4b)
assuming a uniform vector potential ~A. The operator
c†nkσ creates an electron with wavefunction Ψnk(~r) and
spin σ in the n-th band, with band energy ǫnk.
We assume for simplicity an isotropic system and zero
temperature. To lowest order in ~A the currents are given
by
~J = ~J1 + ~J2 = −
c
4π
(K1 +K2) ~A (A5)
with K1 and K2 the so-called ‘paramagnetic’ and ‘dia-
magnetic’ London kernels. K2 is simply obtained by tak-
ing the expectation value of ~J2 in the BCS ground state
|ΨG >=
∏
k
(u¯k + v¯kc
†
0k↑c
†
−0k↓)|0 > (A6)
where the partially filled band n = 0 is the band giving
rise to superconductivity. We assume for simplicity this
is the lowest energy band, so that all other bands n > 0
are empty at zero temperature in the absence of applied
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fields. To lowest order in ~A, the diamagnetic current is
simply the expectation value of ~J2 in the BCS ground
state:
< ΨG| ~J2|ΨG >= −
e2
mec
1
V
∑
k
2|v¯k|
2 ~A (A7)
so that the diamagnetic kernel is
K2 =
4πe2
mec2
(
1
V
∑
k
nk). (A8)
with nk = 2|v¯k|
2 as given by Eq. (16).
To compute the paramagnetic kernel we need the
ground state wavefunction to first order in ~A. The per-
turbing Hamiltonian in first quantized form is given by
expanding (~p− (e/c) ~A)2/2me as
H1 = −
e
2mec
∑
i
(~pi · ~A(~ri) + ~A(~ri) · ~pi) (A9)
Its second quantized form for uniform ~A is
H1 = −
e
mec
[
∑
nn′kσ
c†nkσcn′kσ[< nk|~p|n
′k >]] ~A (A10)
The wavefunction to first order in ~A is given by
|Ψ >= |ΨG > −
∑
m
< Ψm|H1|ΨG >
Em − EG
|Ψm > (A11)
where EG is the energy of the BCS ground state, and
Em the energy of the excited state |Ψm >. Taking the
expectation value of the paramagnetic current ~J1 with
this wavefunction yields
< Ψ| ~J1|Ψ >= −2Re[
∑
m
< ΨG| ~J1|Ψm >< Ψm|H1|ΨG >
Em − EG
]
(A12)
When H1 operates on the BCS ground state it destroys
an electron in band n′ = 0 and creates one in band n,
either n = 0 or n > 0. Thus, there are two types of
contributions to Eq. (A12) resulting from the states with
n = 0 and n > 0 respectively. For the contribution from
the n = 0 states the calculation is exactly as described
in Tinkham [4], and yields zero at zero temperature for a
uniform vector potential. Thus the only contributions to
Eq. (A12) come from excited states where there is one
electron in a band n > 0. Eq. (A12) then yields
< Ψ| ~J1|Ψ >=
4e2
m2ecV
∑
n>0,k
|v¯k|
2< 0k|p|nk >< nk|p|0k >
ǫnk + Ek − µ
~A
(A13)
with
Ek =
√
(ǫ0k − µ)2 +∆2 (A14)
the BCS quasiparticle excitation energy, µ the chemi-
cal potential and ∆ the BCS gap. We are assuming an
isotropic system and p is any one component of the mo-
mentum operator.
Now the oscillator strength sum rule for Bloch elec-
trons for isotropic energy bands yields [54]
2
m2e
∑
n6=0
< 0k|p|nk >< nk|p|0k >
ǫ0k − ǫnk
=
1
m∗k
−
1
me
(A15)
with m∗k defined by Eq. (12). The sum rule results from
expanding ǫ0,k+q to second order in q and using second
order perturbation theory. We can use Eq. (A15) in Eq.
(A13) if we approximate
ǫnk + Ek − µ = ǫnk +
√
(ǫ0k − µ)2 +∆2 − µ
∼ ǫnk − ǫ0k (A16)
which should be an excellent approximation when |v¯k|
2 6=
0. Eq. (A13) then yields
< Ψ| ~J1|Ψ >= −
e2
cV
∑
k
2|v¯k|
2(
1
m∗k
−
1
me
) ~A (A17)
and we obtain for the paramagnetic London kernel
K1 =
4πe2
c2
1
V
∑
k
nk(
1
m∗k
−
1
me
) (A18)
and for the total kernel
K = K1 +K2 =
4πe2
c2
1
V
∑
k
nk
1
m∗k
(A19)
in agreement with Eq. (18). The total current to first
order in ~A is
< Ψ| ~J1 + ~J2|Ψ >= −
e2
cV
∑
k
nk(
1
m∗k
) ~A (A20)
which agrees with Eq. (17) since A = λLH in the cylin-
drical geometry under consideration.
The same formalism applies to the mechanical momen-
tum density Pmech. From Eq. (A1), the mechanical mo-
mentum of a carrier is
~pmechi = me~vi = ~pi −
e
c
~A(~ri) (A21)
and the mechanical momentum density is
~Pmech =
1
V
∑
i
~pi−
e
cV
∑
i
~A(~ri) ≡ ~P1+ ~P2 =
me
e
( ~J1+ ~J2)
(A22)
The ‘paramagnetic’ and ‘diamagnetic’ momentum densi-
ties to first order in ~A are
< Ψ|~P1|Ψ >= −
mee
cV
∑
k
nk(
1
m∗k
−
1
me
) ~A (A23a)
< ΨG|~P2|ΨG >= −
e
c
1
V
∑
k
nk ~A (A23b)
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and the total mechanical momentum density is
< Ψ|~Pmech|Ψ >= −
mee
cV
∑
k
nk
1
m∗k
~A = −
mense
m∗c
~A
(A24)
in agreement with Eq. (25) since A = λLH .
Note that P1 is the canonical momentum density for
the many-electron system. The fact that its T = 0 ex-
pectation value Eq. (A23a) is non-zero to first order in ~A
indicates that the BCS wavefunction is not ‘rigid’ with
respect to magnetic perturbations, contrary to what is
generally believed.
Appendix B: Concise formulation of the BCS
inconsistency in terms of the superfluid density
In this appendix we discuss one aspect of the inherent
inconsistency of BCS theory in terms that some readers
may find more appealing.
Assuming the validity of Eq. (37) [36–40] so that the
mechanical momentum is correctly given by mevs, we
have for a simply connected superconductor that ~∇ϕ = 0
and hence
~vs = −
e
mec
~A (B1)
for the velocity of Cooper pairs. Calling ns/2 the number
of Cooper pairs per unit volume, each with charge 2e, the
supercurrent density is then
~J = nse~vs = −
e2
c
ns
me
~A (B2)
The BCS wave function is given by Eq. (7), and m∗k is
defined in Eq. (12). The current density to first order in
~A at zero temperature is, as shown in Appendix A, Eq.
(A20)
~J = −
e2
c
1
V
∑
k
2|v¯k|
2(
1
m∗k
) ~A (B3)
which also applies to tight binding models such as the
Hubbard model. Comparing Eqs. (B2) and (B3),
ns
me
=
1
V
∑
k
2|v¯k|
2(
1
m∗k
) (B4)
The density of electrons in the system described by the
BCS wavefunction Eq. (7) is
ne =
1
V
< Ψ|(
∑
kσ
c†kσckσ)|Ψ >=
1
V
∑
k
2|v¯k|
2 (B5)
When solving for the BCS wavefunction one picks the
chemical potential µ so that ne given by Eq. (B5) yields
the density of electrons in the normal state. µ will be
very close to the Fermi energy in the normal state.
For a band close to empty we will have m∗k ∼ m
∗ for
the occupied states independent of k, hence from Eqs.
(B4) and (B5)
ns = (
me
m∗
)ne (B6)
Similarly for a band close to full we will have m∗k ∼
(−m∗) independent of k for the empty states, the density
of empty states in the band is
nh =
1
V
∑
k
2(1− |v¯k|
2) (B7)
and
ns = (
me
m∗
)nh (B8)
These equations are valid in the absence of disorder at
zero temperature. In the presence of disorder they will
remain essentially unchanged in the clean limit [55].
Eqs. (B6) and (B8) say that the number of carriers in
the supercurrent, ns, at zero temperature, in the clean
limit, is not equal to the number of electrons in the Bloch
or tight binding band when the band is almost empty,
nor equal to the number of holes when the band is al-
most full. An explanation of this inconsistency has not
been proposed in the scientific literature to our knowl-
edge. It implies that a perfect conductor and a super-
conductor would behave differently under application of
a magnetic field, which is contrary to the general under-
standing. Note that it resembles what has been termed
the ‘condensate saga’ in the study of superfluid 4He [56],
the fact that the measured condensate fraction is signifi-
cantly lower than the superfluid 4He density [57].
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